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Thermodynamic Interpolation

D. E. Maiden
Lawrence Livermore National Laboratory

A methal for constructirg bicubic interpolation polynomiafor the presswe P and internd enegy
E that arethermodynamicajyl consistehat the mes ponsand continuows across mes boundaries
is presented The slope bounday conditiors for the pressue and enggy are derived from finite
differences of the data and from Maxwell's consisteng relation Monotonicity of the sourd speed
and the specifc hea is obtainal by a bilinear interpolation of the slopes of the tabulated data.
Monotonicity of the functiors nea steg gradiens may be achieved by med refinemenor by
using a non-consistetrbilinear fit to the data Medh refinemenis vely efficiert for uniform-linear
or uniform-logarithmc spacel data becaus a dired table lookup can be used The dired method
was compaed to binary seach and was 37 percert faste for logarithmic-spacd data and 106
percert faste for linear-spacel data Thisimprovemenhin spee isvery importart in theradiation-
transpot opacity-looky part of the calculation Interpolationin P-E spae, with me refinement,
can be mack simpk, robust and consere eneagy. In the final analyssthe interpolation of the free
enggy and entropy (Maiden and CooK remairs a competito.

Keywords: Equation of State hydrodynamicsCFD, mix, radiation transport

|. Introduction

Currert equatia of stae (EOS tablesat LLNL , (EOP) ard LANL (SESAME) contah only
internd enegy E(p, T) ard pressureP(p, T') as afunction of temperatue T and densityp. They
arefit with bilinear, bicubic, and rationd polynomials Bilinear method are monotonc but the spe-
cific hea and sourd speed are discontinuous Rationa and cubic polynomiak have undershoots
nea pha® boundaris causimg non-posiive sourd speed and specift heats The interpolans are
naot constraind to satisfy Maxwell srelatiors for thermodynant consisteny. Thermodynangin-
consisteny may increag or decreas entropy thus causimg an increa® or decreas in temperature.

Maiden and Codk developeal a thermodynamicajl consistehmonotore bicubic interpolation
of the Helmholiz free enegy F'(p, T') or entropyS(p, E'). Thes functiors are well behaved and
discontinuities in the pressue appea as changs in slope of the potentid function The pressure
ard the enegy are evaluatel from detivatives of the interpolant The methal ensuré thermody-
namc consisteny and is monotonc at the phag boundaries.

This pape present a methal for constructig bicubic interpolation functiors of the pressure
P(V,T) ard internd enagy E(V,T) tha are thermodynamicayl consistetat the mes points The
slope bounday condition of the bicubics are determine by finite difference of the tabulated data
ard from Maxwell's consisteny condition Becaus the interpolans may not be monotonic the
sourd speel and specift hed at the mes points are calculatel from finite difference of the data
ard are bilinearly interpolatel to maintan monotoniciy. Correctiors are mace in the specific
hed to consere enagy. In regions of shap discontinuitieslocd mesh refinemenis prescribé to
maintan accuray and monotoniciy. The refinemem algorithm is base on hierarchica grids in
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which there is anestirg of uniform linear or logarithmt grids with refinememnwhereit is needed
nea pha® boundaries The uniform grids permi dired table lookup which is faste than binary
search The method describé in this pape are simple thermodynamicajl consistentrobust and
consere enggy.

Il . Thermodynamic Consistency

Thermodynant consisteny requires tha the thermodynamn data be delived from a potential
function F(V,T). It also implies tha the thermodynand stae F(V,T) is unigue ard independenof
path i.e., F isastae function of V ard T. The delivatives Fy-, Frr, Fyr, and Frry are assumd to
exist and be continuous From the calculuis Maxwell srelation is

Fyr = Fry. (1)

For the interpolan to be thermodynamicajl consistehit mud satisf this constrait and the ther-
modyname variables mug be definal as deiivatives of the potential.

The first law of thermodynamisgives us the enegy equatia of the form
dE = —Pd V+ dQ, (2)

whereV = p~! isthe specift volume anddV = —p?dp. The differentid dQ isthe hed releag or
gain per unit massand it may also be written as

dQ = TiS, (3)

where Sisthe entropy, so that
dE =Td S— PdV. (4)

The Helmholtz free enagy F(V,T) isdefina as
F=E-TS. (5)
Upon taking the differentid and substitutig Eqn (4), we have
dF = —Pd V- SdT. (6)

By taking the exad differentid of F(V,T) and comparirg terms we find

s=~(30), 0
and
P (7). k

Differentiation of Eqns (7) and (8) show tha the pressue ard the entropy mugd satisfy Maxwell's

relation 5 55
P
(a—T>V - (W)a ®)
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Currenty, the EOP tables contan only pressureP(p,I" ) internd enegy E(p]" ). The entropy
S(pT ) is available for alimited numbe of materials Upon taking the derivative (-2 ),. of Eqn.
(5) ard subsitutirg Eqns (8) and (9), we get the consisteny condition

(), r(3p), e

This importart equation expresss the dependene of internd enegy on the volume at a fixed
temperatue solely in terms of measurableT, P, and V. It also mears tha the interpolans must
satis¥ this constraint.

[Il . Monotonicity

Thermodynand stability requires that the isentropc sourd speed”’s, isotherméasourd speed
C'r, and speciftc heatC' be posiive, i.e.,

oP
C? = (—) > 0, 11
T 8p . ( )

and

The isentropc sourd speel can be rewritten in terns of known quantities as
oP
a-(2),+ (- (%)) &
ST\ 9y 2 \ 9y oE\
)y \p op )y (a—T)p

When substitutirg the consisteny condition Eqn (10) into Eqn (13) we get the sourd speel with
consisteny

(13)

or\ &%)
Pl (a—T)p
OF
Cy =|—=— 0. 15
=), X
Also, mary new numericd method rely on Riemam solvers and mog of these method require
convexity of the EOS That is,
0*P
— . 1
(5),

This condition may nat be satisfi@l in regions of pha transitiors and correctiors to thes hydro-
dynamt algorithns tha have relied on convexity are neccessar

V. Approximate Thermodynamically Consistert Interpolation Scheme
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The bicubic interpolation of free enegy F and entrofy Sis currenty the mod effective method
of interpolatian of thermodynamni data (see Maiden and Cook). The schene is consistehand has
continuots first derivatives Thermodyamicaill consisteninterpolation scheme for the pressure
P ard enegy E spae can be delived but they are discontinuos at the mes boundaries In this
pape a bicubic interpolation schene is deiived tha is thermodynamicajyl consistehonly at the
med points and continuows acros mes boundaries.

Bicubic: The bicubic interpolans are:

P=a +0T+cV+dVT +eT* + fiVE+ g VI? + V2T + i, V2T?

+hT? + B V2 4+ LVAT + my TV 4+ n V32 + 0, T3V + p T3V (17)
FE = as + b2T + cov + dQVT + 62T2 + ngZ + QQVTZ + h2V2T + iQVQTQ
+52T% + kaV2 + VPT + maT?V + ngVPT? + 0 T°V? 4 p T°V? (18)

There are 32 constars to be determiné by evaluatirg P and E ard its first delivatives at the 4
mes points Evaluatirg the pressue P ard enegy E at the four mesh pont determire 8 con-
stants Numerica differentiation of the tabulated data determire 12 slope bounday conditiorsand
8 twists The remainirg 4 slopes obtainal from Maxwell's relation There are 4 slopes related to
the isothermésourd speed ard are given by

oP
2 2 2
() )
There 4 slopes relata to the specift hed and are given by
oF
= | == 2
o= (5), 2
There are 4 slopes given by
(3—]3) . (21)
oT /v
There are 8 twists given by
O’E
<8WT >TV (22)
o0?P
( ovoT >Tv' (23)

Maxwells consisteny condition Eqn (10) gives us the remairg 4 slopes

OF OP
(Wﬁ = ‘P+T(3—T>V'

The pressue ard enegy are continuousbut there is no guarante of monotonici.

Bilinear: Inthe pha® change regions of shap discontinuiy the bilinear interpolation may be
appropriate The bilinear functiors of pressureP?(V, T ) ard internd enegy E(V,T ) are given by

P = ay +b1T+01V+d1VT (24)
4
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E= as + b2T + 02V + dQVT (25)
The sourd sped is given by
oP
C}==V? (W>T = —(c1 +d,T)V? (26)
The specift hea becomes
oF
Cy = (8—T>V =by +dyV (27)

V. Calculation of Sourd Speal and Specific Heat

Significantyy more accurag first delivatives (specifc heda and sourd speed}can be obtained
from the EOStables by taking finite difference betwea three neighborirg points(z;— 1, fi 1), (xi, f),
and(x;,1, fir1) isgivenby atz = x; as

Ty — Xj—1

Ti41 — $i—1)($i+1 - %)
(28)

(i — it1) (22 — @1 — Tig1)
+fi
(%—1 - %)(%‘—1 - $i+1) (% - 27z'—1)(95z' — Ti41

fl(@i) = fia )+fi+1(

for equally spaced datah = x; — x;_; the slope becoms the centrd differene formula

f(%b) = %(f(%ﬂ) - f(%’—l))

In orde to ensue monotoniciy, the slopes of the EOS data are fitted with a bilinear interpolart as
follows:
CT = a +b1T+Clp+d1pT (30)

Cy = ag + b1 + cop + dopT (31)

Energy Balance betwee& mes points7, andT; is

T
Ei—Ey=[ C,dT (32)

To
Whete the specift hea at constahvolumeis given by

OF
= (3r), )
A linear variation of specift hed betwe@ mesh pointsis given by
. Cvl B CUO
C, = T T, (T'—Tp) +Cyo+ € (34)

substitutimg linear expressim for speciftc hed we get
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Ey — Ey £35)2(Cy1 + Cyo)(Th — Tp)

wheree isan enggy correction neede to maintan an enagy balancelt is given by

€ = E1 - EO - 13@101,0 + Cvl)(Tl - T())

isasmal numbe and varies from zoneto zone The specift hed with enaggy balane correction
isgiven by

61,0 = CU() +e€ (37)
61,1 = Cvl +e€ (38)
The specift hed isdiscontinuos at the mes pont by asmal amounte.

VI. An Algorith m for Dired Table Lookup with Local Refinement

The EOP tables (P(p, T), ard E(p, T) have unequazoning in p and T spa@ becaus refinement
isrequiral at pha® boundariesThe EOP algorithm for locating the interpolatia box for a given
pl par isabinaly search Eat zore in the hydrodynamis remembes which box it was in on
the previous time cycle ard usel it as an initial gues for the next time cycle. The methal is fast.
However, in calculatiors in aregion of phag changethe previous cycle gues may not be a good
one.

The new idea in this pape is to apply locd mes refinememnto resole discontinuities at the
pha® bounday. The following describs the method We define amultilevel med refinememnal-
gorithm for mesh generatio of EOS dat that will permi dired table lookup of EOS dat needed
in hydrodyname codes The methal mays the p, T values to a sd of integers Linear and loga-
rithmic functions are taken as examples Ther is a savings of compute time over currert search
method particulary in regions of apha® chang where there are shap discontinuities.

The idea is to mgp the mes spacimg into the integers for a dired table lookup. The location
(i,j) of the interpolation box for given values of x and y is

(39) i(z) = int[f(zx (0),n)]

j(y) = int[f(yy (0),m)]

where x(0) istheinitial point correspondig i=0, nthe numbe of zonesx isthe horizonta location
ard y is the verticd location of the desirel box. The spae is coarsey divided with an evenly
spacé mesh Where the functiond values have large variatiors sud as pha® boundaris the mesh
isfurther locally refined with an evenly space mesh.

Uniform-linear-spacal data: Let aline be divided into n+1 equally spacé points containing
n zonesshown in Fig. 1. The distan@ betwee pointsis

#(n) — (0)

n

dx = (41)

The location of eat noceis
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z(i) = x(OH i *du. (42)
For ary given x, the index of the left hard end point is given by

i(x) =int [(x(n) —x(1))/dx]. (43)
In cae locd refinemenis neede we can further subdvide into uniform sub grids.

Uniform Logarithmi c spacel data: Similarly, we can subdvide logarithmicaly. Let aline
be divided into n+1 equally spacé points containirg n zones Given x(0), x(n) and n then

x(i) = x(0)e™® (44)
At i=nwe have
z(n) = 2(0)e™® (45)
so the distan@ betwee pointsis
1 z(n)
Thelocation of ead nockis .
x(i) = x(0)e™® (47)

For ary given x, the index of the left hard end point is given by

i(z) = int ln log (ﬁ) / do

For EOS data you may wart to divide the temperatug linearly and the densiy logarithmicaly. In
the Helmholtz free enegy F'(pI" ) and the entropyS(FE,T" ) formulation the pha® changs occur
at changsin slope and only acoar® grid may be required.

(48)

Results Figure 1. shows a compariso betwea binaly seart ard the dired methal for
equall space logarithmic and linear data The data shows that for equally spacé logarithmic
zoning Eqgn (48) is 37 percemfaste and for equally space liner zoning Egn (43) is 106 percent
faste. This improvemen in speel is very importart in time-consumig weapors calculations,
especial in the radiation-transparmpacity-looky patt of the calculaton.

VIl . Conclusion

Inthispape abicubicinterpolatian isdeiived for interpolatirg the pressue Pand enegy E. The
scheneisthermodynamicajl consistehat the mesh pontsand continuows acros mes boundaries
but there is no guarante of monotoniciy of the interpolant Alternatvely, in regions of a phase
change amonotonc bilinea function could be usel at the expen® of consisteny.

The sourd speel ard specift hea are calculatel from the slopes of the tabulated data Thiscan
be dore very accurate} using finite differencesMonotonicity of the sourd speel and the specific
hed can be guaranted by bilinear fit of the slopes of the EOS suiface The specift hed at the
med points can be adjustel to maintan enaggy consevation This cause aslight discontinuiy in
the specift hed that is calculable.
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Binary Search vs Uniform Log and Linear Spacing
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Figure 1. Compariso of lookup times betwee binarty searchand dired lookup with uniform log
spacimg ard linear spacing.

The bicubic fitting functions are very efficient and they can be made monotonc by locd mesh
refinemen nea steg gradients Locd mesh refinemem causs no addal expen® becaus direct
table lookup is used It requires uniformly spacd linear or logarithmc data Compare to binary
seart the dired methal is 37 percen faste for logarithmic data and 106 percen faste for linear
spacéd data The methal speed up the hydrodynamie but has a significart impad in opacity
lookup in the radiation-transpdipatt of the calculaton The describe method are simplg robust,
and consere enggy.
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